Lagrange’s Brackets
Lagrange’s bracket of (u, v) w.r.t. the basis (q;, p;) is defined as

oq, . . 0q.
{u, vigpor (u, V)gp = Zj:{ﬁ‘-%’-—%%]
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(3) Similarly we can prove that
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Invariance of Poisson’s Bracket under Canonical transformation:-

Poisson’s bracket is

i i 9P [y

The transformation of co- ordinates in a 2n — dimensional phase space is
called canonical if the transformation carries any Hamiltonian into a new
hamiltonian system

To show :- [F.G]y, = [F, Glop

Poisson’s brackets is

[F, G]q.p = Z

dq; ép; Op, 0q,
If q, p are functions of Q & P thenq=q (Q, P) & p=p (Q, P) and F & G will also 1
function of (q, p), we have, G = G(Qx, Px), we have
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[F, Glo.p = Z q, 0Q, P k i
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0Q, [ dq, dp, dp, dq,
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op,

oq; Op; op; dq

=

0G 0G
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Ik

To find [F, Qclq.p & [F, PiJq.p
Replacing F by Qjin (1)

0G 0G
[Qi Glgp= %E;?{Ql'qk ]q-P ¥ ;T[Q‘-Pk L-rr
; k R
=0+ ZG—GS
- apk ik
[Qi- GJq.p =g?0
oG
= [G, Qilyp=- E
I
and [F, Qe p= _;TF
R

Replacing F by P in (1)

pP.6--8 o  [gp-&

o, aq,
rmd IF! Pk]= o
oq

Put these values from (2) and (3) in (1), we get:-

_8G oF G OF )
ohy 0P, 0P, Oby

[F, Glgp=>_

1Lk

()

(2)

..(3)
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= [Fs G]‘Q.P
Poincare integral Invariant:-

Under Canonical transformation, the integral
7=[[>dq,dp, (D)
]

Where S is any 2 — D (surface) phase space remains Invariant

Proof :- The position of a point on any 2— D surface is specified completely by two

parameters, e.g. u, v

Then q; :qi(usv)} (2)
p, =pi(u,v)
In order to transform integral (1) into new variables (u, v), we take the relation
oa;-pi)
dq; dpi=—+ dudv ...(3
qi dp ouv) (3)
L T

where M: A1 O | a6 the Jacobian,

ofuv) (A 9P
v ov
Let Canonical transformation be
Qu=0Qu(g, p, 1), Pk=Pi(q, p, 1) .--(4)

then dQydPy= ook Py)

B(u,v)

if J is invariant under canonical transformation (4), then we can write

_[_[Zi:dqidpi = _”;dQKdP

dudv ...(5)

or HZTv)dl 1dv = HZ—d udv

Because the surface S is arbitrary the expressions are equal only if the integrands

are identicals,

Le.,
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...(6)
In order to prove it, we would transform(q,p) basis to (Q, P) basesthrough

the generating function Fx(q, p, t), With this form of generating function, we have

oF, oF,
pi= —&Qy =+
aq; 0P,

c“p,_i(ﬁﬂ}_ ((JJF: A, d°F, 5&)
ou  duldqg, \0q,.0q, ©u &q,.0p, du
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v aviag, x\9q;.8q, v 0q.0p, OV
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q,,Pi) _ du du
N L] - -
M 2 (uy) | da,

v ov
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+
ou @q,0q, 6u 0q,0P, du
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ov 0q,0q, ov 0q,0P, Ov
dq, _O°F, dq, %, _O°F, P,
_x| fu  dq,0q, Ou +y du  8q,6P, du
ik aqi a:F! aqk ik aql a:FJ aP]:
ov  dq,0q, ov ov  8q,0P, ov
fQ, %,

o°F u  du
L.H.Sof (6)= I
6= X aaoq | &0, &,

ov ov

s | B
+ ou ou (7
gﬂqnaf’k ﬂ& ﬂi @

ov  ov

We see that first term on R.H.S. is antisymmeltric expression under interchange of i
and k, its value will be zero,

A
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ov oV ov  ov
_ &°F | Ay -'?u
kd aqkaqi aqi ﬂ
...(8)
Now equation (7) can be written as
oP, &P,
2 | =
Za(qlpi)_z ¢F |ou ou
= d(u,v) <epop 0P oP,
Y
oq, OP,
OF |au  ou
+ u ¢
ga%apk % o,
v ov
o°F, P é’F, dq, oP,
_ Z oP 0P, cu 0P dq, du Ou
| o'F op,  38'F, dq, oP,
oP 6P, dv 0P dq, v oV
EIGAN: N
=Z cu \ P, du
| 0 (95 ) R
dv \ oP, ov 5
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oF,

0P, Q

|f'

Put

Q. P
e M:R_H.Sof(s)_
k

Qe P | L au,v)
N v

Which proves that integral is invariant under canor<cal transformation.

Lagrange’s bracket is invariant under Canonical transformation:-

The Lagrange’s bracket of u & v is defined as

oq; op, _ 0q; op;
b, -SR-S 2

_v|ou ov
2l o,
du ov

Since ZM is invariant under Canonical transformation.

: B(u,v)

So Lagrange’s bracket is also invariant under canonical transformation
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