Poisson’s Bracket
Let A and B are two arbitrary function of a set of canonical variables (or
conjugate variables) qi, q2,.-..s Qus P1s P2--.-Pn » then Poisson’s Bracket of A & B is

defined as

[A,Blyp= D,
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Properties
L. X, Ylyp=—1Y, X]gp
II. [X,X]=0
. [X,Y+Z]=[X, Y] +[X, Z]
V.  [X,YZ]=Y[X, Z]+Z[X, Y]

Solution :- I. By definition [X, Y]qp= Z
i

Y aX  8Y 8X
Y, X]gp= 3| oo~
7\04; 0P Op; oq;

oX dY oX oY
¢q; op; dp; 6q;

_ ofex ey ax v
7\ 04; p; Op;

= [Y, X]{LP i —IX., Y]
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1l. {x,x]{w=z ?_Xﬁ_%ﬂ =
7 \0a; dp; p;iq;)

S "
Also  [X,Clp=Y OX € _X |
7 \04; %;  Op; 0a; )

. (X, Y+Zlp=2,

i

_y ﬁ[ﬂ+£}£[ﬂ+EJ

709\ %; op;) Op;\cq; Oy
XV _OXOY |, s[0X 02 _0X o2
dq; dp; Op; Oq; dq; dp;  dp; 0q;
=[X, Y]+ [X,Z]

X 8(YZ) _ﬁa(YZ)J

[gacwa_ oX 6(Y+Z)J
dqj op;  Opy 0

i

= X, Y+Z]yp= Z{

J
V.  [X,YZ)p= D,

i

| Xy Y _?_X 7Y 2
oq;{ op;  Opj) Opj\ Ga;  Oq

4y EEEEJ 2y Eﬂ-%ﬂ}
7 \94; Op;  Op; O 7.74; %; dp; O

= Y[X, Z] + Z[X, Y]

Also
(i) [qi, qilap=0
(1) [pi pilep=0
L i=]
(i) [qi plop= 0= {0, iz

Solution:-

0 (@i gle= D,

k

Eﬂqk apk apk aqk 3
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Because q; or qj is not function of px

ﬂzg aq; =0
i Py

(D)= [gi, qlap=0.

=

op; %p; _op, apj]
dq, Opy  Opy Oqy

As pi, pjis not a function of gy

Pi_o  Pi_,
oq oqy,

(i) Ipi pilep= Z[

k

= [pis Pilop=0

(iii) Now [qi, pjlep = { S
o ; 0qy Opy  Opy 0Oq,

_ Z[%%_o}zﬂﬁ
b 00k Opy . 0qy Opy
= Zaik 0 =Zﬁu =b;;
k k

L, i=j

= [q.i‘! pj]‘-]-P= 6'] = {0 iz J

Some other properties:-

If [, w] be the Poisson Bracket of ¢ & , then

9 _| % oy
(1) a[d),w] [a,w]{w,&]

d _|de dy
(2) dt[d”“’] [dt,w]{w- dl]

. 0 )
Solution:- (1Y —[¢, w]= —
olution:- (1) - y]= =
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(2) Similarly, we can prove

4o y1=|de dy
dl[th] [dt w]{@ m}
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