Exawqiewa-g

° Fluld of density p and viscosity p flows at an average
veloelty Vv through a clreular pipe diameter d. show by
dimensional analysis, that the shear stress of the pipe

wall.
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Solw.:  The V@Latlowsmp between depewdawt I,
Lnoepenolent variable may be expressed as:

F=1dvHpT,
° Dlmension o{ the variable involved :

=

Shear stress MLT —2

2. Viscostty u MLT
2. Density o ML



Nuwtber of variables n = 5
Nunber of fundamental dimension m = 3

Number of dimensionless Tterm (W —-m) = 2

f1 (1L, 12)=0 L (1)
Selecting the vepeating variable as d, v, p
Each J1 terme contain m+1 = 2+1 = 4 variables.
- BY ustng Buckingham's theorem,

ﬂlzdal-Vblpcl-ro
ﬂ_zzdaz.vbz.pcz.ﬂ

* Solve the 1 equation by the principle of dimension
homogenelty:

- For 7 termi:

L A |
m=d "V "p -1,



MOLOT? = L (LT ) (MESF-IMLTT 2)

M:0=c +1 soa, =0
L:0=a,—-3c,—1+Db, cb=-2
T:0=—p -2
PR T,
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- For T,termi:

MOLOTO = L2 (LT ™) 2. (ML®) 2. (ML?T )

M:0=c,+1 ==l
L:0=a,-3c,+h,—1 ~&="1
T:0=-b,-1 by =-1




o Substituting the value of 7, 7z, in equation (1),
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Exa mpt@ Nop:- 4

This example Ls elementary, but demonstrates the general
procedure: Suppose a car Ls driving at 100 R/ hour; how long does
Lt take it to go 200 km?  This question has two fundamental
physteal units: time ¢ and length , and three dumensional
variables: distance D, time taken 7, and veloclty Vi Thus there are
2 — 2 = 1 dimensionless quantity. The units of the dimensional
QUANELELES ave:

D~¢, Tt Vit

The dimenstonal matrix Ls:

ot
M=
01 -1
The vows cowespovw{ to the dimensions , and & and the columns

to the dimensional variables D, 7, V. For instance, the zvd column,
(1, —1), states that the v (velocity) variable has units of

=6/t




o For a dimenslonless constant g = DUTHRYS We are
Looking for a vector a=lai,a2,a3]  such that the matrix
product of M on a yields the zero vector [0,01. n linear
algebrn, this vector s kwnown as the Rkernel of the
dimensional matvix, and Lt spans the nullspace of the
dimensional watrix, which tn this particular cose Ls one-
divensional. The dimensional matrix as writtenw above Ls
i reduced vow echelon form, so one can read off a kernel
vector within a weultiplicative constant:



If the dimensional matrix were wot atreadgj veduced, one
could  perform  Gauss-jovdan  ellmination on  the
dimensional matrix to more easily determine the kernel. [t
follows that the dimensionless constant may be written:

T=D'T'V'=TV/D

ov, Ln dimensional termes

T (07N /D) ~ 1



° Sinee the kernel Ls only defined to within o multiplicative
constant, if the above dimensionless constant Ls raised to
any arbitrary power, b will yleld another equivalent
dimensionless constant.

* Dimenstonal analysis has thus provided o genernl
equation relating the three physieal variables

flm) =0

whieh may be wrltten

'
Vv

T_




o where CLs one of a set of constants, such that €=r7(0)
The oactual reLatLom,smp between the thvee variables s
s’umptg D=VvT SO0 that the actual dimensionless eqmt’wm

( f(m)=0 ) Ls wrltten:

f(m)=71—1=VT/D-1=0

- (n other words, there Ls OWL@ one value of C and it is
unity. The fact that there is only a single value of € and
that it is equal to unity is a level of detail not provided by

the technique of dimensional analysis.



Exampte No:i- 5

* We wish to determing the period 7 of small oscillations in
a sivmple penduduom. 1t will be assuwmed that it Ls a
function of the length ¢, the mass M, and the
acceleration due to gravity on the surface of the Earth g,
which has dimensions of length divided by time squared.
The wmodel is of the form

flr,M, L,q)=0.

o (Note that Lt s wrlttem as a velation, wot as a
function: 7 lsw't written heve as a function of M, (,
and g.)

° There are 2 fundamental physical dimensions tn this
equation: tbme & wmass e, and length L and 4
dimensional variables, 7, M, L, and g. Thus we need ong
4 — 2 = 1 dimensionless parameter, denoted T, and the
modlel can be re-expressed as



where T LS glven by

flm) =0
for some values of 4, ..., 4,.
The dimensions of the dimensional quantities ave:

Ja r}
T =T"M™=L" g™
for some values of 4, ..., 4,.
The dimensions of the dimensional quantities are:
T=tM=m,L=~(g="{t
The dimenstonal matrix Ls:

o B R
[ R -



* (The rows corvespond to the dimensions t m, and [, and
the columns to the dimmensional variables 7, M, L and g.
For Lnstance, the 4th columun, (—2, 0, 1), states that
the gvariable has dimenstons of =200t .

o wWe are looking for a kevwnel vector a = [a, a4, a_, a,] such
that the wmatrix product of M on 4 ylelds the zero vector
[0,0,01. The dimensional matrix as writtem above s Lin
reduced vow echelon form, so one can rveao off a Rernel
vector withine a multiplicative constant:




* Were Ltk not already rveduced, one coulal
perform Gauss-jordan elimination on the
ditmenstonal matrix to more 60{3&5
determine the kernel. It follows that the
dimensionless constant may be wilttewn:

m=TM"L g
= gT*/L

°(1n fw/wia mental terms:

T = (1) (m)°(6) (/) =1



o which (s dimensionless. Stince the kernel Ls only defined to
within a multiplicative constant, if the above dimensionless
constant Ls ratsed to any Wbl‘cmr@ power, Lt will 51&0{ another
equivalent dimensionless constant

o This example (s easy because three of the dimensional
quantities  are fundamental units, so the last (g) is n
combination of the previous. Note that if 4, were non-zevo there
would be wo way to cancel the M value—therefore 4, must be
zero. Dlmensional Dmatgslg has allowed us to conclude that the
period of the pendulum is not a function of its mass. (In the =D
space of powers of mass, thme, and distance, we can say that
the vector for mass is Linearly tndependent from the vectors for
the three other variables. Up to a scaling factorg — 2T — L i< the
only nontrivial way to construct a vector of a dimensionless
paraveter.)

o The model can now be expressed as

f(gT*/L) = 0.



