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Definition. Given T € A(V). A non-trivial polynomial p(x) € F[x] of lowest degree
with the property that p(T) = 0 is called a minimal polynomial for T over the field F.

Theorem 1. If V is finite dimensional over F, then T € A(V) is invertible if and only

if the constant term of the minimal polynomial for T is not 0.

Proof:s:Suppose p(X) =, + 0, X +...+ o, X", o, # 0 be the minimal polynomial for T

over F. Then p(T) = 0.

I Part : Suppose the constant term of p(x), 1.e. o, # 0. Then we have to show that

T e A(V) is invertible..

Since p(T) =0 and so
a T +o, T+ . +o,T+a,=0

or  a, :—(ocka +a, T +...+0L1T)
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1
or 1= ——(ocka +o, T+ + alT)
(x'()

or 1= {—L(ocka_1 +a, T+ +a, )}T
a()

or {—L(aka‘l +a, T+ +a, )}T =1
a()

1
or  ST=1, where S= ——(ocka‘1 +a, T2+ + ocl)
a'()

or S=T"
1.e., S acts as inverse of T.
Hence, T 1s invertible.

IT Part : Suppose that T is invertible. Then we have to show that constant term of the

minimal polynomial p(x), 1.e., a, # 0.
Suppose on the contrary that o, = 0. Then we have
o, T+o, T’ +...+a, T8 =0
or (o, +o, T+ 40, T)T=0.
Multiplying the above equation by T~ from the right, we have
o, +o,T+..+0, T =0,
Hence, T satisfies the polynomial q(x)=a, +a,X +...+ 0o, x*" in F[x].
Now, deg(q(x)) < deg (p(x)), which is contradiction.
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Hence, a, # 0.
Hence proved.

Corollary 1. If V is finite dimensional over F and if T e A(V) is invertible, then T

is a polynomial expression in T over F.

Proof. Since T is invertible, and so by the above theorem 1,

o, +o,T+...+a, T =0 with a, #0.

Then o, =—<OL]T+OLZT2 +...+(kak)
1
or 1:——<oc1T+oc2T2+...+0Lka)
a‘O
-1 1 k-1
or T = ——(oc1 +ao,T+..+a, T )
o

0
Hence, T™'is a-polynomial expression in T over F.

Corollary 2. If V i1s finite dimensional over F and if T € A(V) is singular, then there
exists an S # 0 in A(V) such that ST =TS =0.

Proof. Since T is singular, i.e., not regular and so by the above theorem 1, the

constant term of its minimal polynomial must be 0.
That is, p(X)=o0lX +...+ 0, X".
Also, p(T)= o, T+a,T? +...+a, T
If S=a,+a,T+..+a, T, then
S#0 (since o, +a,X +...+a, x " is of lower degree than p(x)) and
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ST=TS=0.

Corollary 3. If V is finite dimensional over F and if T € A(V) is right invertible, then

it is invertible.

Proof. Suppose T is right invertible and so TU = 1 for some U € A(V).

We have to show that T is invertible.

Suppose on the contrary that T is singular, then by corollary 2, there exists an S # 0

such that ST=TS = 0.

However, 0 = (ST)U = S(TU) =S1 =S # 0, which is a contradiction.

Hence, T is regular.

Theorem 2. If V is finite dimensional over F, thenT € A(V) is singular if and only if

there exists a v # 0 in V such that vT = 0.

Proof. By corollary 2, T is singular if and only if there is an S # 0 in A(V) such that
ST=TS=0.

Since S # 0 there is an element w € V such that wS = 0.

Let v=wS, then

vT = (ws)T = w(ST) = w0 = 0.

Hence proved.

Conversely, suppose that vI =0 withv#0in V.

Now, since S € A(V) and v#01in V and so ST =0.

Hence by corollary 2, T € A(V) is singular.
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